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Recent developments of experimental techniques have given us unprecedented opportunities of
studying topological insulators in high dimensions, while some of the dimensions are “synthetic”, in
the sense that the effective lattice momenta along these synthetic dimensions are controllable periodic
tuning parameters. In this work, we study interaction effects on topological insulators with synthetic
dimensions. We show that although the free fermion band structure of high dimensional topological
insulators can be precisely simulated with the “synthetic techniques”, the generic interactions in
these effective synthetic topological insulators are qualitatively different from the local interactions
in ordinary condensed matter systems. And we show that these special but generic interactions have
unexpected effects on topological insulators, namely they would change (or reduce) the classification
of topological insulators differently from the previously extensively studied local interactions.
PACS numbers:
I. INTRODUCTION
Ever since the proposal of the analogue of quantum
Hall effects in four spatial dimensions1, the topological
states of matters in higher dimensions have attracted a
great deal of theoretical interests. The classification of
free fermion topological insulators (TI) and superconduc-
tors (TSC) in all dimensions (the so-called “10-fold way”)
was a milestone in our understanding of non-interacting
fermionic systems2–4. Later, a great progress in under-
standing strongly interacting bosonic states of matter
was achieved through the classification and description
of bosonic symmetry protected topological states, which
can also be generalized to higher dimensions5–18.
Until recently, the study of higher dimensional topo-
logical insulators (TI) and its bosonic analogues was of
pure theoretical interests only. However, the study of
higher dimensional TIs has gained important experimen-
tal relevance recently. For example, the four dimen-
sional quantum Hall insulator (or the four dimensional
Chern insulator) was successfully constructed experimen-
tally19,20 with two out of its four spatial dimensions “syn-
thetic”. In fact, “synthetic” dimensions are experimen-
tally realized as periodic tuning parameters that can be
identified as the corresponding lattice momenta in these
dimensions. In general, what such synthetic-dimension
techniques directly realize is a Hamiltonian of the form
Hˆ(~p) =
∑
<i,j> Hˆi,j(~p)c
†
i cj , where ~p is a δ = (D − d)-
component tuning parameters and i, j label the sites on
the d-dimensional physical (optical) lattice. Once we
identify ~p as the lattice momenta in the synthetic dimen-
sions, the entire system can be viewed as a D-dimensional
non-interacting fermion system. Such synthetic construc-
tion in principle can give us experimental realization of all
classes of non-interacting fermion TI in any dimension.
The same perspective, i.e. viewing lattice momenta in
certain dimensions as tuning parameters, has been used
by theorists to connects TIs in different dimensions21,
and also to construct topological semimetals22–28.
Interestingly, interactions can drastically change the
classification of TIs and TSCs with certain symmetries.
It was first discovered in Ref. 29,30 that some TIs non-
trivial in the non-interacting limit can be trivialized by
interactions, which exemplified the importance of inter-
action in altering or more precisely “reducing” the classi-
fication of TIs. Subsequent studies have shown the same
effect of interaction, i.e. the reduction of classification, in
TIs and TSCs in all dimensions14,17,18,31–40. These con-
clusions were made under the assumptions of spatially
local interactions that preserve the crucial symmetries
which define the TIs.
In contrast, the generic interaction on a synthetic TI
is fundamentally different from that on the ordinary
TIs given the “synthetic” nature of the extra dimen-
sions. The interaction must be local in the d-dimensional
real space lattice, and also local in the δ = (D − d)-
dimensional synthetic momentum space, i.e. under adi-
abatic tuning, at each value of the tuning parameter ~p
the system has an interaction in the d-dimensional real
space labelled by ~p: Hint(~p). This allows us to use the
“dimensional reduction” procedure of Ref. 21 even with
interactions, which is a method that we will exploit in
this work.
A generic interaction Hint(~p) in a synthetic TI is no
longer completely local in the effective D-dimensional
real space: it is local in the physical dimensions, but
nonlocal in the synthetic spatial dimensions. It appears
that TIs with a nonlocal interaction is not even definable,
since a nonlocal interaction would easily mix the edge
states at two opposite boundaries of the TIs. But in the
current situation, the interaction is only nonlocal along
the synthetic directions in the effective D-dimensional
space. And as long as we are considering boundaries
parallel to the δ = (D − d)-dimensional synthetic space,
namely the δ-component synthetic momenta are still con-
served at the boundary, the two opposite boundaries will
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FIG. 1: (a) The D = 3 synthetic TI with d = 2, the lattice
momentum p is physically a tuning parameter. We always
consider the boundary parallel with the synthetic dimensions.
Here, the exposed boundary is in the (x, p) plane with fixed y
coordinate. (b) The vortex line of the complex bosonic order
parameter φ in Eq. 13, and there is one nonchiral 1d Majorana
fermion mode localized in the core of the vortex line (Eq. 14).
not be mixed by the nonlocal interaction (Fig. 1a). This
is the most natural choice of boundary in the effective
D-dimensional synthetic TI, as we simply need to choose
the physical boundary of the system while keeping the
tuning parameter ~p periodic. Then one can still study
the fate of the edge states at one single boundary, and
the effective D-dimensional system can be called a non-
trivial TI as long as this boundary remains gapless under
the interaction.
(D, δ) (1, 0) (1, 1) (3, 0) (3, 1) (3, 2)
Classification, U(1)× ZT2 Z4 Z2 Z8 Z4 Z2
(D, δ) (2, 0) (2, 1) (4, 0) (4, 1) (4, 2)
Classification, U(1)× Z2 Z4 Z2 Z8 Z4 Z2
Our main results are the following: (1) The interaction
reduced classification for TIs with symmetry U(1)× ZT2
at total odd dimensions D = 2n+1 and synthetic dimen-
sions δ is given by Z2n+2−δ ; (2) The interaction reduced
classification for non-chiral TIs with symmetry U(1)×Z2
at total even dimensions D = 2n and synthetic dimen-
sions δ is given by Z2n+1−δ . We select these symmetries
because TIs defined with these symmetries, as we will
discuss in the next few sections, will be strongly affected
by the interaction. In the tables above, we list the re-
sults for D = 2, 3, 4 explicitly, which will be discussed
in detail in Sec. II III and IV. In Sec. V and VI, we
will discuss the classification reduction of interacting syn-
thetic non-chiral TIs with U(1)×Z2 symmetry in general
even dimensions D = 2n and that of interacting synthetic
TIs with U(1)×ZT2 symmetry in general odd dimensions
D = 2n+ 1.
II. SYNTHETIC TI WITH D = 2
We will start with the example of D = 2 synthetic TI,
with d = δ = 1, namely one of the two dimensions is
synthetic. The synthetic non-interacting Chern insula-
tor with D = 2 and δ = 1 has been studied previously41.
One particular type of two dimensional TIs that we know
will be strongly influenced by interaction and reduce its
classification is the non-chiral TI with U(1)×Z2 symme-
try37,38, where physically the Z2 is usually the reflection
symmetry about the z axis, which becomes an on-site
symmetry in the two dimensional plane. The minimal
version of this TI is basically two copies of Chern insu-
lators with opposite Chern numbers, and also opposite
eigenvalues (±1) under the Z2 symmetry operation. Its
1d edge state has the Hamiltonian
H =
∫
dx v
(
ψ†1i∂xψ1 − ψ†2i∂xψ2
)
. (1)
The charge conservation U(1) symmetry and the Z2 sym-
metry act on the boundary fermions as
U(1) : (ψ1, ψ2)→ eiθ(ψ1, ψ2),
Z2 : (ψ1, ψ2)→ (ψ1,−ψ2). (2)
One can see that for arbitrary copies of the edge states,
any fermion bilinear mass term at the edge will mix left
and right moving fermions, and hence break the Z2 sym-
metry, while any fermion-pairing mass gap would break
the U(1) symmetry. Hence without interaction the classi-
fication of this TI is Z. It was shown that under local in-
teraction the classification of this U(1)×Z2 TI is reduced
to Z437,38. This conclusion has two related implications:
(1). Four copies of the one dimensional edge states
can be gapped out by local interactions without breaking
either U(1) or Z2 symmetry, which was directly shown in
Ref. 37;
(2). For four copies of the system, the TI-to-trivial
phase transition in the two dimensional bulk can be
avoided under interaction, namely the non-interacting
TI phase and the trivial phase can be adiabatically con-
nected with interaction while keeping the bulk gap open.
This can be understood using the Chalker-Coddington
network picture of the bulk topological transition42,43:
the transition between two phases with the same sym-
metry and no bulk ground state degeneracy can be inter-
preted as the percolation of their interface (domain wall).
If the interface is fully gapped, then these two phases can
be adiabatically connected without closing the bulk gap.
Let us now investigate what if the dimension along
the boundary is synthetic. In this case, the boundary
Hamiltonian including the interaction will be
H =
∑
p
Hp, Hp = vp
(
ψ†1,pψ1,p − ψ†2,pψ2,p
)
+Hint(p).(3)
Because p is the synthetic momentum, it is actually a
tuning parameter, Hint(p) is local in the synthetic mo-
mentum space, i.e. for each value of p there is an in-
teraction labelled by p. Then for each p, solving Hp is
equivalent to solving a zero dimensional problem with
3p
Energy
FIG. 2: The exact many-body spectrum (including the
ground state and the first excited state) of the Hamiltonian
Eq. 4 with the interaction chosen to be Eq. 5. The ground
state is non-degenerate and is separated from the excited
states by a finite energy gap for all values of p.
finite dimensional Hilbert space. The original gapless
point p = 0 becomes a level crossing of two states: one
state has N1,p = ψ
†
1,pψ1,p = 1, N2,p = 0 and the other
state has N1,p = 0, N2,p = 1.
If Hint(p) preserves the U(1)× Z2 symmetry, then for
a single copy of Eq. 3, there is no way to avoid the level
crossing, because Hint(p) can always be recombined into
a function of N1,p and N2,p, and changing the filling of
N1,p and N2,p will lead to level crossing. But for two
copies of the Eq. 3, the story is different. Let us perform
a basis transformation of the second copy of the system
so that the edge state Hamiltonian reads
Hp = vp
(
ψ†1,pτ
zψ1,p − ψ†2,pτzψ2,p
)
+Hint(p). (4)
Our goal is to show that for certain choice of Hint(p), the
ground state in the limit p > 0 and p < 0 of Eq. 4 can be
connected adiabatically without closing the ground state
gap. The following choice of Hint(p) will suffice:
Hint(p) = J ~Sp,+ · ~Sp,−, ~Sp,± = ψ†p,±~σψp,±, (5)
where ~σ are three Pauli matrices that act on the fermion
index (1, 2), and ψp,± are fermion modes with eigenvalues
±1 of τz. The direct computation of the spectrum of
Eq. 4 plotted in Fig. 2 confirms that the interaction
Hint can indeed ensure a finite gap for all values of p for
the Hamiltonian Eq. 4.
This analysis implies that the two dimensional non-
chiral TI with U(1)× Z2 symmetry has its classification
reduced from Z to Z2 under interaction if one of the spa-
tial dimensions is synthetic, which is different from the
Z to Z4 reduction as was discussed previously.
III. SYNTHETIC TI WITH D = 3
Now let us consider the case with D = 3, and δ = 1,
namely we are considering an effective D = 3 dimensional
TI with one synthetic dimension. One type of three di-
mensional TI whose classification is changed by interac-
tion is the TI defined by symmetry U(1) × ZT2 . One
tight-binding model of this TI is Hˆ =
∑
~k c
†
~k
H(~k)c~k, and
H(~k) is
H(~k) = −t
(
3∑
i=1
Γi sin ki − Γ4(h−
3∑
i=1
cos ki)
)
. (6)
Here, we use the following convention of the Gamma ma-
trices Γ1 = σ30, Γ2 = σ10, Γ3 = σ22, Γ4 = σ21, Γ5 = σ23,
and σab = σa ⊗ σb, with σ0 = 12×2. The anti-unitary
time-reversal ZT2 symmetry acts on the fermion operators
as T : ck → iΓ5c†k, combined with a complex conjugation.
This model is essentially two copies of the topological su-
perconductors 3He-B phase. Note that whether T 2 is +1
or −1 no longer matters in this case as the sign of T 2
can be changed by the U(1) rotation. In the literatures
this U(1) symmetry is often referred to as the spin U(1)
symmetry since it commutes with the time-reversal (for
example, see Ref. 40).
At the (for example) XY boundary, the system has a
2d gapless Dirac fermion with Hamiltonian
H =
∫
d2x vψ†(−iσ3∂x − iσ1∂y)ψ, (7)
The time-reversal symmetry acts on the boundary two-
component Dirac fermion as
T : ψ → iσyψ†. (8)
It is well-known that without any interaction, the clas-
sification of this TI is Z2–4, while under ordinary local
interactions, the classification of this TI is reduced to
Z835, i.e. 8 copies of this TI will be rendered trivial un-
der local interaction, or equivalently the edge state can be
gapped by local interaction without developing nonzero
expectation value of any fermion bilinear operator, which
is forbidden by the U(1)× ZT2 .
Now let us investigate what happens if the y−direction
is a synthetic dimension, and consider multiple copies of
the boundary Hamiltonian. Then the boundary Hamil-
tonian at each synthetic momentum p is
Hp =
∫
dx
N∑
a=1
vψ†a,p(−iσ3∂x + σ1p)ψa,p +Hint(p), (9)
where Hint(p) is a U(1) × ZT2 symmetry allowed fla-
vor mixing interaction term that is parameterized by
p. Notice that the time-reversal symmetry does not
mix fermion operators labelled by different momenta, i.e.
time-reversal does not mix systems with different param-
eter p. The entire Hamiltonian Eq. 9 can be viewed as
N−copies of 1d interacting topological insulator with the
same U(1) × ZT2 symmetry (which again has Z classifi-
cation in the non-interacting limit), tuned close to its
transition to the trivial insulator, which corresponds to
4N copies of 1d Dirac fermions with Dirac mass p. The
synthetic momentum p is precisely the Dirac mass that
tunes the system across the topological-trivial transition.
Let us emphasize again that this does not apply to the
ordinary interacting TI if all dimensions are physical di-
mensions, because different momenta will be mixed by
the ordinary local interactions.
Now the problem readily reduces to the interaction ef-
fects on the 1d TI with U(1)× ZT2 symmetry, which has
been studied and well understood. It was shown that the
1d TI with U(1) × ZT2 symmetry, though have Z classi-
fication without interaction, is reduced to Z4 classifica-
tion under local interaction39,40. This Z to Z4 reduction
under interaction is also consistent with the classifica-
tion of bosonic symmetry protected topological phases:
two copies of the TIs under interaction can be adiabati-
cally connected to the Haldane phase by gapping out the
single particle excitations36, and it is well-known that
two copies of coupled Haldane phases become a trivial
phase5,6.
The observation above implies that when N = 4 in
Eq. 9, the phase transition between the two limits p > 0
and p < 0 can be avoided by turning on interaction, i.e.
the two regions in the phase diagrams can be adiabat-
ically connected under interaction without closing the
gap, and the original critical point p = 0 is rendered
gapped and nondegnerate by interaction. This observa-
tion leads to the conclusion that the classification of the
D = 3 TI with U(1) × ZT2 symmetry is reduced to Z4
instead of Z8 if one of the three spatial dimensions is
synthetic.
If we choose D = 3, δ = 2, namely two out of the
three directions are synthetic dimensions, and we con-
sider a two dimensional boundary whose both directions
are synthetic (let us label them as the x and y direc-
tions), then at each px and py the edge state is a two
component complex fermion ψ~p. Again the problem at
the boundary reduces to solving a zero dimensional sys-
tem with two tuning parameter px, py. For N = 2 copies
of the edge states, at every synthetic momentum ~p, the
free fermion part of the boundary Hamiltonian reads
H~p = vψ
†
~p
(
σ3px + σ
1py
)⊗ τzψ~p, (10)
where again we have performed a basis transformation
for τz = −1 component of the edge state. Then the
same interaction as Eq. 5, Hint(p) = J ~Sp,+ · ~Sp,− can gap
out the entire boundary without leading to any ground
state degeneracy (see Fig. 3). Hence when there are two
synthetic dimensions, the D = 3 TI with U(1) × ZT2 is
reduced to a Z2 classification.
To summarize this section, for a D = 3 interacting syn-
thetic TI with U(1)×ZT2 symmetry and different choices
of δ = D − d, its classification is
Z8, (δ = 0); Z4, (δ = 1); Z2, (δ = 2). (11)
One can also discuss the simplest example of D = 1
TI with U(1) × ZT2 symmetry. If the only dimension is
Energy
px py
FIG. 3: The exact many-body spectrum (including the
ground state and the first excited state) of the Hamiltonian
ψ†~p
(
σ3px + σ
1py
) ⊗ τzψ~p + ~Sp,+ · ~Sp,−. The ground state is
non-degenerate and is separated from the excited states by a
finite energy gap for all values of px and py.
synthetic, namely the lattice momentum along this di-
mension is actually a tuning parameter, although it is
unnatural to discuss edge state of the synthetic dimen-
sion, the TI can still be defined as whether there must be
a gap closing transition between the TI and the trivial
insulator or not. In the non-interacting limit, near the
critical point between the TI and trivial insulator, the
bulk Hamiltonian takes exactly the same form as Eq. 3,
and the time-reversal symmetry acts as T : ψp → iσyψ†p.
The mass term that tunes the topological-to-trivial tran-
sition is mψ†pσ
xψp. Then one can show that with two
copies of the system, an interaction Hint(p) similar to
Eq. 5 would adiabatically connect the original topologi-
cally nontrivial TI to the trivial phase. Thus interaction
reduces the classification of the synthetic D = 1 TI with
U(1)× ZT2 symmetry to Z2.
IV. SYNTHETIC TI WITH D = 4
Now we discuss the higher dimensional (total dimen-
sion D = 4) TI that cannot be realized in lab without
using the “synthetic” techniques. First of all, the classi-
fication of the D = 4 quantum Hall insulator itself is not
reduced by interaction, due to the chiral anomaly at its
three dimensional boundary, and the anomaly matching
condition44,45. Thus we will consider the D = 4 non-
chiral TI with a U(1) × Z2 symmetry. Like its D = 2
analogue, this TI is simply two copies of the original
D = 4 quantum Hall state with opposite Chern num-
bers, and they have eigenvalues +1 and −1 respectively
under the Z2 symmetry operation.
Since this D = 4 TI was not discussed much in the
past, we will first consider the case where all the dimen-
sions are physical, i.e. D = d = 4. The 3d boundary
of this TI is two copies of Weyl fermions with opposite
chiralities, and also opposite eigenvalues under the Z2
symmetry:
H =
∫
d3x vψ†L
(
i~σ · ~∂
)
ψL − vψ†R
(
i~σ · ~∂
)
ψR. (12)
5The charge conservation U(1) symmetry and the Z2 sym-
metry act on the boundary fermions as U(1) : ψL, ψR →
eiθψL, e
iθψR, Z2 : ψL → ψL, ψR → −ψR. With this
U(1)×Z2 symmetry action, this TI has a Z classification
without interaction, because any fermion bilinear mass
term should either break the Z2 symmetry (which corre-
sponds to the ordinary Dirac mass term that mixes the
left and right handed Weyl fermion), or break the U(1)
symmetry, which is a fermion pairing term (the so-called
Majorana mass term).
To study the interaction effects on the TI, we follow the
similar procedure of Ref. 35. We first couple the left and
right handed Weyl fermions both to a complex bosonic
order parameter φ:
φ
(
ψTσyψL + ψ
T
Rσ
yψR
)
+H.c. (13)
When φ condenses, i.e. 〈φ〉 6= 0, the charge U(1) sym-
metry is spontaneously broken and the fermions are all
gapped. Then we try to restore the U(1) symmetry by
proliferating the vortex loops of the U(1) order parameter
φ. Along the vortex loop, by directly solving the Dirac
equation with a background vortex configuration of φ,
we will find there are non-chiral 1d Majorana fermion
described the effective Hamiltonian (Fig. 1b)
H1d =
∫
dx iv(χL∂xχL − χR∂xχR). (14)
Again the left and right moving Majorana fermions carry
eigenvalue ±1 under the Z2 symmetry respectively.
The 1d Hamiltonian Eq. 14 and its Z2 symmetry are
exactly the same as the 1d edge states of 2d px ± ipy
TSC, where the px + ipy and px − ipy superconductors
carry eigenvalues ±1 respectively under the Z2 symme-
try. It is known that for eight copies of Eq. 14, a local
interaction can gap out Eq. 14 without breaking the Z2
symmetry31–33,46 or ground state degeneracy. Thus the
U(1) × Z2 symmetry can be restored for eight copies of
the 3d edge states Eq. 12 by proliferating the fully gapped
vortex loops. Hence the classification of the D = 4 TI
described above is reduced from Z to Z8 under local in-
teractions.
Now let’s consider the case with D = 4, d = 3, namely
three out of the four dimensions are physical, while one
dimension is synthetic. We will still look at the most nat-
ural boundary of the synthetic TI which is parallel to the
synthetic dimensions. Then for N copies of the system,
at each fixed synthetic momentum p, the Hamiltonian for
the boundary states reads
Hp =
∫
d2x
N∑
a=1
vψ†a,L (iσ
x∂x + iσ
y∂y − pσz)ψa,L
−vψ†a,R (iσx∂x + iσy∂y − pσz)ψa,R +Hint(p). (15)
The Hamiltonian Eq. 15 can be viewed as the previously
discussed two dimensional non-chiral TI with a U(1)×Z2
symmetry tuned close to the topological-trivial transition
point p = 0, and p serves as the tuning parameter for
this transition. As we have already mentioned before,
the classification of this two dimensional non-chiral TI
is reduced from Z to Z4 under interaction37,38. Hence
for N = 4, the critical point p = 0 can be avoided un-
der interaction without breaking the Z2 symmetry, and
the two regions with p < 0 and p > 0 can be smoothly
connected without closing the gap. This implies that the
classification of the D = 4 and d = 3 synthetic TI is re-
duced to Z4 rather than Z8 under the generic interaction
of the synthetic TI.
If we instead choose D = 4, d = 2 in the first
place, namely two out of the four dimensions are syn-
thetic dimensions, then at every synthetic momentum
~p = (px, py), the Hamiltonian reads
Hp =
∫
dx ψ†L (iσ
x∂x − pyσy − pzσz)ψL
− ψ†R (iσx∂x − pyσy − pzσz)ψR. (16)
Now at each pz, the edge state can be viewed as the
D = 2, d = 1 synthetic TI with U(1) × Z2 symmetry
tuned close to the topological-trivial transition, while one
of the dimension is a synthetic dimension py. pz is pre-
cisely the tuning parameter that tunes the two dimen-
sional synthetic system across the transition. As we have
argued before, the classification of this D = 2 synthetic
TI is reduced to Z2 under generic synthetic interaction.
This implies that for two copies of Eq. 16, a properly
designed Hint(~p) would gap out the edge system Eq. 16
without ground state degeneracy. Then the classification
reduces from Z to Z2 when δ = d = 2.
To summarize this section, for a D = 4 non-chiral in-
teracting synthetic TI with U(1)×Z2 symmetry and dif-
ferent choices of δ = D − d, its classification is
Z8, (δ = 0); Z4, (δ = 1); Z2, (δ = 2). (17)
V. SYTHENTIC TI IN GENERAL EVEN
DIMENSIONS D = 2n
In general even spatial dimensions D = 2n, we can
consider the generalized version of the non-chiral TI
with U(1) × Z2 symmetry discussed in Sec. II and IV.
Such TIs in the non-interacting limit can always be con-
structed by putting the fermions with Z2 eigenvalue +1
into a 2n−dimensional Chern insulator with a non-trivial
Chern-Simons response, while simultaneously, putting
fermions with Z2 eigenvalue −1 also into a Chern in-
sulator but with an opposite Chern-Simons response. In
the non-interacting limit, the classification of this type of
TI is given by Z.
Let us first consider the case with all of the dimensions
physical, namely D = d = 2n and δ = 0. The bound-
ary state of this non-chiral TI can be described by the
Hamiltonian
H =
∫
d2n−1x
2n−1∑
k=1
v
(
ψ†L
(
iγk∂k
)
ψL − ψ†R
(
iγk∂k
)
ψR
)
.(18)
6where {γk} with k = 1, 2, ..., 2n−1 are 2n−1-dimensional
matrices that generate the complex Clifford algebra. The
products of all γ matrices
∏2n−1
k=1 γ
k is a constant. The
symmetries act on the boundary fermions as U(1) :
ψL, ψR → eiθψL, eiθψR, Z2 : ψL → ψL, ψR → −ψR.
The U(1) × Z2 symmetry forbids any fermion bilinear
mass terms because all ordinary mass terms break the
Z2 symmetry due to the mixing of ψL and ψR fermions
and all possible Majorana mass terms break the U(1)
symmetry. Therefore, this TI has a Z classification in
the non-interacting limit.
In the following, we will show that the classification
of U(1) × Z2 non-chiral TIs in D = 2n spatial dimen-
sions with δ = 0 reduces from Z to Z2n+1 when we con-
sider interactions. To show this, we apply the method
of fermion sigma model14. We first consider ν = 2n
copies of the boundary states described in Eq. 18, rewrite
them using Majorana fermions χ and couple the Majo-
rana fermions to a (2n+ 2)-component dynamical vector
field na (a = 1, ..., 2n+ 2) via the mass terms:
H×ν =
∫
d2n−1x χT
(
2n−1∑
k=1
ivαk∂k +
2n+2∑
a=1
naβ
a
)
χ.(19)
Here, the set of matrices {α1, .., α2n−1; iβ1, ..., iβ2n+2}
generates the real Clifford algebra C`2n−1,2n+2 in its
22n+1-dimensional representation. The matrices αi are
real symmetric matrices while the matrices βa are imag-
inary anti-symmetric ones. All the αi and βa matrices
square to the identity matrix. In this representation, the
U(1) and Z2 symmetry actions on the Majorana fermions
χ are generated by iβ1β2 and
∏2n−1
i=1 α
i respectively. The
symmetry transformation of the vector field na is given
by
U(1) : (n1 + in2)→ eiθ(n1 + in2);
na → na for a = 3, ..., 2n+ 2. (20)
Z2 : na → −na for all a.
Assuming that the vector field na is a slowly varying field
with unit modulus, we can integrate out the Majorana
fermions χ and obtain an effective action of na which
can be identified as a O(2n+ 2) non-linear sigma model
(NLσM) in 2n − 1 spatial dimensions with a level-1 (or
level-−1) Wess-Zumino-Witten (WZW) term14,47. Such
an effective action can be identified as that of the bound-
ary state of a bosonic symmetry protected topological
(SPT) state with U(1)×Z2 symmetry. The bulk of such
a bosonic SPT should be described by a O(2n+2) NLσM
in 2n spatial dimensions with a 2pi Θ−term. Now, we can
conclude that ν copies of the TI whose boundary state
is described in Eq. 18 can be adiabatically connected
to this bosonic SPT state. This bosonic SPT has a Z2
classification because we can consider two copies of the
O(2n + 2) NLσMs each with a 2pi Θ-term and couple
them such that their na vector fields aligns in the first
2n+ 1 components and anti-aligns in the 2n+ 2th com-
ponent. The coupling effectively merges the two copies
into a single O(2n + 2) NLσMs which is free of a net
Θ-term and hence is topologically trivial. Therefore, we
can conclude that 2ν copies of the boundary state de-
scribed in Eq. 18 together are topologically equivalent to
the boundary state of a trivial state. The classification
of the U(1)×Z2 non-chiral TI is hence reduced from Z in
the non-interacting limit to Z2ν = Z2n+1 in D = 2n spa-
tial dimensions (with δ = 0) when we take interactions
into account.
Now, we consider the case with one of the spatial di-
mension synthetic, i.e. D = 2n, d = 2n − 1 and δ = 1.
We can start with the boundary state Hamiltonian:
Hp =
∫
d2n−2x
{
ψ†L
(∑2n−2
k=1 ivγ
k∂k − pγ2n−1
)
ψL
− ψ†R
(∑2n−2
k=1 ivγ
k∂k − pγ2n−1
)
ψR
}
, (21)
where p represents the synthetic momentum along the
synthetic dimension. We notice that this boundary
Hamiltonian Eq. 21 can be identified as the bulk Hamil-
tonian of the U(1) × Z2 symmetric non-chiral TI in
D′ = d′ = 2n−2 spatial dimensions tuned to the vicinity
of a topological-trivial transition point at p = 0. As we
just discussed, the classification of the D′ = d′ = 2n− 2
non-chiral TI is reduced from Z to Z2n under interaction.
That means when we consider 2n copies of the model Eq.
21, the critical point at p = 0 can be avoided under in-
teractions without breaking the U(1)×Z2 symmetry. In
another word, the classification of the U(1) × Z2 sym-
metric non-chiral TI in D = 2n dimensions with δ = 1 is
reduced to Z2n .
For δ ≥ 1, we can always perform a similar analysis
by studying the boundary state Hamiltonians that are
counterparts of Eq. 18 and Eq. 21. Interestingly, such
boundary state Hamiltonians can always be identified as
the bulk Hamiltonians of the U(1)× Z2 symmetric non-
chiral TI in D′ = 2n − 2 dimensions with δ′ = δ − 1
near the topological-trivial critical point. This identifi-
cation is done by choosing one of the synthetic momenta
as the tuning parameter for the topological-trivial transi-
tion while leaving the other δ′ = δ−1 synthetic momenta
still representing the synthetic dimensions among the to-
tal D′ = 2n− 2 dimensions. With this identification, we
can directly conclude that, for general δ, the classifica-
tion of the U(1) × Z2 synthetic non-chiral TI becomes
Z2n+1−δ .
To summarize this section, for a 2n-dimensional non-
chiral interacting synthetic TI with U(1)×Z2 symmetry,
the classification, in the presence of δ synthetic dimen-
sions, is given by Z2n+1−δ . This result is consistent with
the analysis in Sec. II and IV.
VI. SYTHENTIC TI IN GENERAL ODD
DIMENSIONS D = 2n+ 1
In general odd spatial dimensions D = 2n+ 1, we can
consider the generalized version of the TI with U(1)×ZT2
7symmetry discussed in Sec. III. In the non-interacting
limit, such systems belong to class AIII in the “10-fold
way” classification2,3 and have a classification of Z.
Let’s first consider the case with all of the dimensions
physical, namely D = d = 2n+ 1 and δ = 0. The bound-
ary state of the U(1)×ZT2 symmetric TI that can generate
the whole Z class can be described by the Hamiltonian
H =
∫
d2nx
2n∑
k=1
vψ†
(
iγk∂k
)
ψ, (22)
where {γk}2nk=1 are a set of 2n-dimensional complex ma-
trices that forms the complex Clifford algebra. The sym-
metries act on the boundary fermions as U(1) : ψ → eiθψ,
ZT2 : ψ →
(∏2n
i=1 γ
i
)
ψ†. One can check that the
U(1) × ZT2 symmetry forbids any fermion bilinear mass
terms even when there are multiple copies of such bound-
ary states. Therefore, this TI has a Z classification in the
non-interacting limit.
In the following, we will show that the classification
of U(1) × ZT2 TI in D = 2n + 1 spatial dimensions with
δ = 0 reduces from Z to Z2n+2 when we take interactions
into account. To show this, we will again use the method
of fermion sigma model. The following discussion will
be largely parallel to Sec. V. We first consider ν′ =
2n+1 copies of the boundary states described in Eq. 22,
rewrite them using Majorana fermions χ and couple the
Majorana fermions to a (2n + 3)-component dynamical
vector field na via the mass terms
H×ν′ =
∫
d2nx χT
(
2n∑
k=1
ivαk∂k +
2n+3∑
a=1
naβ
a
)
χ. (23)
Here, the set of matrices {α1, .., α2n; iβ1, ..., iβ2n+3} gen-
erates the real Clifford algebra C`2n,2n+3 in its 22n+2-
dimensional representation. In this representation, the
U(1) symmetry action on the Majonara fermions is gener-
ated by iβ1β2. The anti-unitary time-reversal symmetry
acts as ZT2 : χ→
(∏2n
i=1 α
i
)
χ, combined with a complex
conjugation. The symmetry transformation of the vector
field na is given by
U(1) : (n1 + in2)→ eiθ(n1 + in2);
na → na for a = 3, ..., 2n+ 3. (24)
ZT2 : na → −na for all a.
As we discussed in Sec. V, when the vector field na
is slowly varying and has a unit modulus, we can inte-
grate out the Majorana fermion χ and obtain a O(2n+3)
NLσM with a level-1 (or level-−1) WZW term. Here, the
action of na → −na in O(2n+ 3) should be identified as
the time-reversal symmetry ZT2 . Such an effective action
in fact describes the boundary state of a U(1)×ZT2 sym-
metric bosonic SPT which itself has a Z2 classification.
Therefore, by the same argument given in Sec. V, the
classification of the U(1) × ZT2 symmetric TI is reduced
from Z in the non-interacting limit to Z2ν′ = Z2n+2 in
D = 2n + 1 spatial dimensions (with δ = 0) when we
take interactions into account.
When synthetic dimensions are present, i.e. δ ≥ 1, we
can identify one of the synthetic momenta as the tuning
parameter of a topological-trivial transition, the bound-
ary state Hamiltonian can then be identified as the bulk
Hamiltonian of a U(1) × ZT2 TI in the vicinity of the
topological-trivial critical point in D′ = 2n − 1 spatial
dimensions and with δ′ = δ − 1 synthetic dimensions.
With this identification, we can conclude that the classi-
fication of U(1) × ZT2 symmetric interacting TI is given
Z2n+2−δ .
To summarize this section, for a 2n + 1-dimensional
interacting synthetic TI with U(1) × ZT2 symmetry, the
classification, in the presence of δ synthetic dimensions,
is given by Z2n+2−δ . This result is consistent with the
analysis in Sec. III.
VII. SUMMARY
In this work we have analyzed the interaction effects on
the effective TIs simulated with the newly developed syn-
thetic techniques. We demonstrate that unlike ordinary
interacting TIs, the interaction causes different classifi-
cation reduction of the simulated TI, due to the generic
while special form of the interaction in systems with syn-
thetic dimensions. We need to point out that the analysis
used the fact that the system at every synthetic momen-
tum ~p is a lower dimensional system with the same sym-
metry as the desired effective D−dimensional TI. This
analysis no longer naturally applies (although not im-
possible) if the system involves time-reversal symmetry
that does not commute with the charge U(1) symmetry,
because in this case time-reversal symmetry would bring
ck to c−k, hence it mixes systems labelled by different
parameter ~p.
Topological semimetals have also attracted enormous
research interests and efforts in the last few years22–28.
One can also construct semimetals in lab using the same
synthetic techniques, and these semimetals could be vul-
nerable to interactions, i.e. the bulk of the system can be
driven into an insulator with nondegenerate ground state
due to interaction. For example, the long wave-length ef-
fective Hamiltonians Eq. 7 and Eq. 15 can also be viewed
as the bulk Hamiltonian expanded near the gapless mo-
menta of synthetic semimetals with D = 2 and D = 3,
again p is the tuning parameter which is viewed as an
extra synthetic momentum. And our previous analysis
indicates that for N = 4, both cases can be gapped out
by interaction Hint(p) without leading to ground state
degeneracy, and the Dirac semimetal becomes an insula-
tor with nondegenerate ground state.
It has also been shown that under strong interaction
the boundary of a nontrivial 3d TI can be a 2d topologi-
cal order with anomalous quantum number fractionaliza-
tions48–56. As we explained before, at each parameter p,
8the edge Hamiltonian Eq. 15 describes an interacting 2d
system at the boundary of a D = 4 system. Thus under
strong interaction it is possible that at each parameter
(effective momentum) p the edge is driven into a topo-
logical order. This situation could correspond to a very
exotic “topological order” at the boundary of the D = 4
TI. We will leave this topic for future studies.
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